Received: September 18, 2000, Accepted: October 05, 2000

HYPER VERSION

Flowing from a non-commutative (OM) five brane via its supergravity dual

David S. Berman and Per Sundell

Institute for Theoretical Physics, University of Groningen Nijenborgh 4, 9747 AG Groningen, The Netherlands E-mail: d.berman@phys.rug.nl, p.sundell@phys.rug.nl

Abstract: The dual supergravity description of the flow between (2,0) five-brane theory and the non-commutative five-brane (OM) theory is examined at critical five-brane field strength. The self-duality of the field strength is shown to arise as a consequence of the supergravity solution. Open membrane solutions are examined in the background of the five brane giving rise to an M analogue of the non-commutative open string (NCOS) solution.

Keywords: Field Theories in Higher Dimensions, M-Theory, p-branes, AdS/CFT Correspondance.

Contents

1. Introduction 1

2. The supergravity description 2

3. Critical open membrane solution 6

1. Introduction

The space/time noncommutativity that arises on D-branes in the presence of a near critical “electric” Neveu-Schwarz potential has produced some interesting surprises. In particular on a D3-brane after taking a certain limit, one is left with a new noncommutative open string theory (NCOS) that is decoupled from closed strings [1, 2]. One natural question is to determine the M-theory origin of these NCOS. The fivebrane plays the role of the D-brane and the open membrane plays the role of the string. The background three form C then plays the role of the NS two form. This has motivated the investigation of the five-brane theory in the background of a nontrivial C field [3, 4]. A decoupling limit for the five-brane that is the M-theory origin of the NCOS limit was given in [5, 6]. This theory has near critical field strength and is believed to be associated with an open membrane theory in six dimensions.

Previously, the dual supergravity descriptions of different brane theories have been investigated in several contexts, for a review see [7]. In particular the soliton that interpolates between two different SUSY vacua has been interpreted as providing a description of the the flow between the corresponding decoupled brane theories [8]. This has recently been discussed for the NCOS in [5, 9]. In this paper we will examine some aspects of the supergravity dual of the five-brane theory. In particular we identify the solution to eleven-dimensional supergravity that is dual to the five-brane theory at critical field strength and also describes the flow from the conformal (2,0) theory to the non-commutative five-brane (OM) theory. This solution has been analysed previously in [10]–[14]. We will also describe the appropriate critical decoupling limit for the non-commutative five-brane (OM) theory from the supergravity point of view as an asymptotic flow.

There is one important consideration that need to be adressed when determing the limits that one may take on the five-brane. The adapted field strength H = db + f^∗_5 C must obey the following non-linear self-duality constraint [16], √ − det g 6 ϵ_{μνρσλτ} H^{σλτ} = 1 + K 2 (G^{−1})_μ^λH_{νρλ} , (1.1)

where g is the determinant of the induced spacetime metric g_{μν} , ϵ^{012345} = 1, the scalar K and the tensor G_{μν} are given by K = √ 1 + ℓ^6_p 24 H^2 , (1.2) G_{μν} = 1 + K 2K ( g_{μν} + ℓ^6_p 4 H^2_{μν} ) . (1.3)

This presents a small puzzle; why should the bulk supergravity three form potential obey such a self-duality constraint? Here we will analyse the five-brane supergravity solution described in [12] and demonstrate how this solution leads to the non-linear self-duality of C pulled back to the five-brane and also how one may describe the critical field limit, crucial to the NCOS construction, from the point of view of the five-brane SUGRA solution.

We will also examine the five-brane directly in six dimensions from the open membrane point of view. A solution to the open membrane equations of motion in the background of near critical field strength is presented that is the natural lift of the string solution given in [2]. The properties of this solution are in accordance with the physical picture of the critical field limit where the tension of the membrane cancels the force excerted due to the charged membrane boundary. This solution describes how the membrane becomes absorbed into the five-brane worldvolume which is also in agreement with the dual supergravity solution. Related ideas concerning the noncommutaive five-brane (OM) theory and NCOS can be found in [17].

2. The supergravity description

A five-brane solution of eleven-dimensional supergravity with a finite deformation of the spacetime three-form potential was found in [10, 11, 12]. Here we will use the notation of [12]. (μ = 0, 1, . . . , 5; p = 6, . . . , 9, 11):

ds^2 = (Δ^2 − ν^2)^{−1/6} (( Δ + ν Δ − ν )_{1/2} dx^2_− + ( Δ − ν Δ + ν )_{1/2} dx^2_+ ) + + (Δ^2 − ν^2)^{1/3}dy^2 , (2.1) H_{pqrs} = ℓ^{−3}_p ϵ_{pqrst}∂_tΔ , Δ = k + R^3 r^3

, R ≡ N^{1/3}ℓ_p , (2.2)

H_{μνρp} = ℓ^{−3}_p e_μ^ie_ν^j e_ρ^kF_{ijk}∂_pΔ , (2.3) where k and R are integration constants and F_{ijk} (i = 0, 1, . . . , 5) is the following three-form;

F_{ijk} = (Δ^2 − ν^2)^{−1/2} ( (δ^l_i +^1_{2ν} q_i^l)h_{ljk} 2(Δ + ν)^{1/2} + (δ^l_i −^1_{2ν} q_i^l)h_{ljk} 2(Δ − ν)^{1/2} ) , (2.4) h_{ijk} = 1 6 ϵ_{ijklmn}h^{lmn} , q_{ij} = h_{ikl}h_j^{kl} , ν^2 = 1 24 q^{ij}q_{ij} . (2.5)

The spatial line element dx^2_+ and the lorentzian line element dx^2_− are given by

dx^2_± = 1 2 δ^i_μδ^j_ν ( δ_{ij} ± 1 2ν q_{ij} ) dx^μdx^ν . (2.6)

The geometry of the solution was analysed in [12]. To avoid naked singularities the parameter ν must be restricted to 0 ≤ ν ≤ k. There are three distinct cases.

(i) ν = 0 the solution is the usual five-brane metric with AdS_7 × S^4 in the near horizon.

(ii) 0 < ν < k, this is a non-critical field strength deformation. The solution interpolates between the near horison AdS_7 ×S^4 geometry of N coinciding five-branes and flat spacetime at r = ∞.

(iii) ν = k, this is the critical field strength deformation, it interpolates between AdS_7 × S^4 and the geometry of an array of membranes stretched in the x_− direction and “smeared” in the x_+ direction. The line element is given below in (2.7).

The precise justification for relating ν to the field strength on the five-brane is given below when we analyse the properties of C_3. It is the third case we wish to study. In the asymptotic region, r → ∞ one recovers the “smeared” membrane metric: ds^2 = ( r R )_2 dx^2_− + R r (dx^2_+ + dy^2) . (2.7)

As disussed in [12] the solution has 16 unbroken supersymmetries. As we flow to AdS, r → 0 we have the usual 16 → 32 symmetry restoration. This metric (2.7) had also been investigated in the context of seven-dimensional domain wall supergravity with 16 unbroken supersymmetries [18]. The fact it is the smeared membrane metric that appears in the world volume of the five-brane is consistent with the OM interpretation of the critical field limit [5], see the discussion below.

We next determine the three form potential that is induced on the five-brane worldvolume. This essentially means that one must solve the field strength H_{pμνρ} for the potential C_{μνρ}, where H_{μνρp} = −∂_pC_{μνρ} + 3∂_{[μ}C_{νρ]p} . (2.8) First, making use of the algebraic properties of h_{ijk} we determine,

H_{μνρp} = ℓ^{−3}_p (Δ^2 − ν^2)^{−2}δ^i_μδ^j_ν δ^j_ρ ( (Δ^2 + ν^2)δ^l_i − Δq_i^l ) h_{ljk}∂_pΔ . (2.9)

Then, fixing a gauge so that C_{μνp} = 0 (which preserves the background symmetry) we may solve for C_{μνρ} as follows: C_{μνρ} = ℓ^{−3}_p δ^i_μδ^j_ν δ^k_ρ ( (δ^l_i +^1_{2ν} q_i^l) 2(Δ + ν) + (δ^l_i −^1_{2ν} q_i^l) 2(Δ − ν) ) h_{ljk} . (2.10)

Introducing an^{SO(5,1)}

SO(3)×SO(2,1) valued sechsbein, {vμ

α, u_μ^a}, α = 0, 1, 2, a = 3, 4, 5, of the induced metric, g_{μν} at r = ∞ as follows:

g_{μν} = ∂_μX^M ∂_ν X^N g_{MN} |_{r=∞} = η_{αβ} v_μ^αv_ν^β + δ_{ab}u_μ^au_ν^b , (2.11)

we can write the pull-back of C at infinity C_{μνρ}|_{r=∞} = ℓ^{−3}_p ( 2ν k + ν )_{1/2} ϵ_{αβγ} v^α_μ v^β_ν v^γ_ρ + ℓ^{−3}_p ( 2ν k − ν )_{1/2} ϵ_{abc}u^a_μu^b_ν u^c_ρ (2.12) = h √ 1 + h^2ℓ^6_p ϵ_{αβγ} v^α_μ v^β_ν v^γ_ρ + hϵ_{abc}u^a_μu^b_ν u^c_ρ , h^2ℓ^6_p = 2ν k − ν . (2.13)

The purpose of this rewriting is that we can then identify the three-form (2.13) with the solution to the five-brane non-linear self-duality equation (1.1), described in [3]. Thus the vacuum at r = ∞ has a non-trivial three-form potential (2.13) in the fivebrane directions, and moreover it in fact obeys the five-brane field equation (1.1). Hence we may identify H_{μνρ} = C_{μνρ}|_{r=∞} . (2.14) The critical field strength limit described in [5, 6] is when h^2ℓ^6_p → ∞. From (2.13) we see this occurs in the asymptotic region when ν → k. Hence this justifies our identification of the ν = k case with the critical field strength limit. It is important notice that the non-linear nature of the five-brane self-duality is crucial for the critical limit. (Linear self-duality would not allow a critical limit.)

We now wish to describe a decoupling limit, i.e. a limit whereby ℓ_p → 0, which has an asymptotic region with five-brane metric and field strength scaling as described in [5, 6]. The decoupling limit must obey the criteria that the line element ℓ^{−2}_p ds^2 and the four-form field strength H are held fixed (such that the supergravity action is finite for this background; by making N large the curvature becomes small and the supergravity approximation makes sense).

Thus we are drawn to consider the following limit:

ν = k = ℓ^{3n}_g 2ℓ^{3n}_p , x̃_± = ℓ^{−n/2}_g ℓ^{n/2−1}_p x_± , r̃ = ℓ^n_g r ℓ^{1+n}_p N^{1/3}

, (2.15)

where x̃_±, r̃ and the length scale ℓ_g are fixed and^1 n > 0. After rewriting in terms of

1This condition follows from considering the graviton absorption cross section [19]; this was pointed out to us by M. Alishahiha.

Figure 1: The flow as controlled by r̃ to the (2,0) theory from the NC five-brane (OM) theory is given by the interpolation between AdS_7 × S^4 and the smeared membrane metric.

fixed variables one has: ds^2 ℓ^2_p

= f^{1/3}r̃^2dx̃^2_− + f^{−2/3}r̃^{−1}dx̃^2_+ + N^{2/3}f^{1/3}r̃^{−1}(dr̃^2 + r̃^2dΩ^2) , (2.16)

H_4 = Nϵ_4(S^4) + 1 2 d ( r̃^3dx̃^3_− + f^{−1}dx̃^3_+ ) , (2.17)

f = 1 + r̃^{−3} . (2.18)

This does not describe a field theory limit in the asymptotic region. It would be wrong to expect a field theory description of the non-commutive five-brane, just as one does not have a field theory description for the D3-brane with temporal noncommutativity. The five-brane with non-trivial C in a decoupling limit has also been considered in [14] and indeed the line element (2.16) was found. This predated the discussion of the non-commutative five-brane (OM) theory and the importance of the critical field limit.

One may then check that scaling r̃ ∼ ϵ^{−1/3} exactly reproduces the scaling taken for the non-commutative five-brane (OM) theory [5, 6]: ℓ_p −→ ϵ^{1/3} , H_{αβγ} −→ ϵ^{−1} , H_{abc} −→ ϵ^0 , g_{αβ} −→ ϵ^0 , g_{ab} −→ ϵ^1 . (2.19)

One important property of this limit is that the open membrane metric described in [6] is fixed in units of ℓ_p.

In summary, the solution (2.1)–(2.2) interpolates between a stack of five-branes at r = 0 with zero field strength and a stack of five-branes at r = ∞ with nonvanishing field strength H_{μνρ} given by (2.14). The solution is fixed in the limit given by ℓ_p → 0 and (2.15), which flows to a decoupled six-dimensional non-commutative five-brane (OM) theory.

It is worth remarking that such a limit is only possible at critical field strength. In the non-critical case, 0 < ν < k, one cannot obtain a brane decoupled from the bulk theory. This is consistent with how the NCOS limit requires critical field strength to decouple the bulk modes.

3. Critical open membrane solution

We may interpret the source of the constant field strength at r = ∞ as an array of self-dual strings stretched along the boundary of the space in the x_− direction and smeared homogeneously in the x_+-directions. These self-dual strings are boundaries of open membranes. In the critical limit, given by ν = 1, the open membranes become dissolved into the five-brane. This is exactly analogous to how open strings behave in D3-brane with the critical field strength [1, 2].

We will now illustrate this by analysing the solutions of the membrane field equations in the background provided by a five-brane with critical field strength.

The membrane is described by the following equations of motion, constraints and boundary conditions [20].

Ẍ^μ + 1

ℓ^2_p {X^ν , {X^μ, X_ν}} = 0 , Ẋ^2 = − 1 2ℓ^2_p {X^μ, X^ν }{X_μ, X_ν } , Ẋ^μ∂_iX_μ = 0 , i = ρ, σ , 1 ℓ^2_p √ − det γn^α∂_αX_μ + ϵ^{αβγ} H_{μνρ}n_α∂_αX^ν ∂_γ X^ρ = 0 , (3.1)

where Ẋ^μ and ∂_iX^μ denote differentiation with respect to the worldvolume time τ and spatial coordinates ρ, σ, respectively, {A, B} = ϵ^{ij} ∂_iA∂_j B , (3.2) and the determinant of the worldvolume metric is given by √ − det γ = 1 2ℓ^4_p {X^μ, X^ν }{X_μ, X_ν } . (3.3) In what follows we shall choose the normal derivative at the boundary to be given by n^α∂_α = ∂_ρ.

In order to find a solution we make an ansatz where the open membrane is infinitely stretched in the X^2 direction as follows:

X^0 = X^0(τ, ρ) , X^1 = X^1(τ, ρ) , X^2 = ℓ_pσ , (3.4) X^μ = constant , μ = 3, . . . , 9, 11 . (3.5)

This results in the equations: Ẍ^μ − X^{′′μ} = 0 ,

(Ẋ^0)^2 + (X^{′0})^2 = (Ẋ^1)^2 + (X^{′1})^2 , Ẋ^0X^{′0} = Ẋ^1X^{′1} , X^{′μ} = HẊ^μ , H ≡ hℓ^3_p √ 1 + h^2ℓ^6_p

. (3.6)

These equations are equivalent to the equations of an open string in an electric field H = α^′F^0_1 = α^′g^{00}F_{01}.

In case 0 ≤ H < 1 the general solution is given by

X^0 = ±X^1 = aℓ_g(τ ± Hρ) , (3.7)

where ℓ_g is a fixed length and a a real constant. In the case H = 1, however, there are new critical solutions appearing. The solution for H = 1 is given by

X^0 = ℓ_g(aτ + bρ) , X^1 = ℓ_g(bτ + aρ) . (3.8)

Thus we have a static, non-degenerate open membrane solution given by

X^0 = ℓ_gτ, X^1 = ℓ_gρ , X^2 = ℓ_gσ , X^μ = constant , μ = 3, . . . , 9, 11 . (3.9)

Notice that in the limit ℓ_p → 0 we have carried out a reparametrisation of σ →^{ℓg}_{ℓp} σ. Clearly this does not affect the geometry of the solution.

The length scale ℓ_g for this solution is the scale introduced in [5, 6]. This is the effective tension of the open membrane inside the five-brane and is related to the five-brane field strength by ℓ_g = (h^2ℓ^9_p)^{1/3}.

Thus the solution describes a membrane stretched out inside the five-brane in the 0, 1, 2 directions. This is what one expects from the dissolved membrane interpretation of the five-brane supergravity solution given by (2.7).

Physically, one sees that the membrane tension (which is scaled to ∞) is cancelled by the scaling of the electric field so that the membrane retains a finite length scale. This is reminiscent of the zero force condition experienced by BPS solutions. It would be interesting to see whether the cancellation properties persist (as they do for BPS solutions) beyond the classical level.

An obvious application would be to investigate the thermal properties of the non-commutative (OM) theory by analysing the non-extremal version of the smeared membrane metric (2.7).

Acknowledgments

We are indebted to Mohsen Alishahiha for extremely valuable comments on the graviton absorption cross section and the decoupling limit. We are greatful to Eric Bergshoeff, Martin Cederwall, Jan-Pieter van de Schaar, Ergin Sezgin and Paul Townsend for discussions. P.S. is grateful to Henric Larsson and Bengt Nilsson for discussions. D.S.B is supported by the European Commission TMR program ERBFMRX-CT96-0045 associated to the University of Utrecht. The work of P.S. is part of the research program of the “Stichting voor Fundamenteel Onderzoek der Materie” (FOM).

References

[1] R. Gopakumar, J. Maldacena, S. Minwalla and A. Strominger, S-duality and noncommutative gauge theory, J. High Energy Phys. 06 (2000) 036 [hep-th/0005048].

[2] N. Seiberg, L. Susskind and N. Toumbas, Strings in background electric field, space/time noncommutativity and a new noncritical string theory, J. High Energy Phys. 06 (2000) 021 [hep-th/0005040].

[3] E. Bergshoeff, D.S. Berman, J.P. van der Schaar and P. Sundell, A noncommutative M-theory five-brane, Nucl. Phys. B 590 (2000) 173 [hep-th/0005026].

[4] S. Kawamoto and N. Sasakura, Open membranes in a constant c-field background and noncommutative boundary strings, J. High Energy Phys. 07 (2000) 014 [hep-th/0005123].

[5] R. Gopakumar, S. Minwalla, N. Seiberg and A. Strominger, OM theory in diverse dimensions, J. High Energy Phys. 08 (2000) 008 [hep-th/0006062].

[6] E. Bergshoeff, D.S. Berman, J.P. van der Schaar and P. Sundell, Critical fields on the M5-brane and noncommutative open strings, Phys. Lett. B 492 (2000) 193 [hep-th/0006112].

[7] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Large-N field theories, string theory and gravity, Phys. Rep. 323 (2000) 183 [hep-th/9905111].

[8] E.T. Akhmedov, A remark on the AdS/CFT correspondence and the renormalization group flow, Phys. Lett. B 442 (1998) 152 [hep-th/9806217];

E. Alvarez and C. Gomez, Geometric holography, the renormalization group and the c-theorem, Nucl. Phys. B 541 (1999) 441 [hep-th/9807226];

V. Balasubramanian and P. Kraus, Spacetime and the holographic renormalization group, Phys. Rev. Lett. 83 (1999) 3605 [hep-th/9903190];

L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, Novel local CFT and exact results on perturbations of N = 4 super Yang-Mills from AdS dynamics, J. High Energy Phys. 12 (1998) 022 [hep-th/9810126]; The supergravity dual of N = 1 super Yang-Mills theory, Nucl. Phys. B 569 (2000) 451 [hep-th/9909047]; D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, Continuous distributions of D3-branes and gauged supergravity, J. High Energy Phys. 07 (2000) 038 [hep-th/9906194].

[9] T. Harmark, Supergravity and space-time non-commutative open string theory, J. High Energy Phys. 07 (2000) 043 [hep-th/0006023].

[10] J.M. Izquierdo, N.D. Lambert, G. Papadopoulos and P.K. Townsend, Dyonic membranes, Nucl. Phys. B 460 (1996) 560 [hep-th/9508177].

[11] J.G. Russo and A.A. Tseytlin, Waves, boosted branes and BPS states in M-theory, Nucl. Phys. B 490 (1997) 121 [hep-th/9611047].

[12] M. Cederwall, U. Gran, M. Holm and B.E. W. Nilsson, Finite tensor deformations of supergravity solitons, J. High Energy Phys. 02 (1999) 003 [hep-th/9812144].

[13] J.M. Maldacena and J.G. Russo, Large-N limit of non-commutative gauge theories, J.

High Energy Phys. 09 (1999) 025 [hep-th/9908134].

[14] M. Alishahiha, Y. Oz and M.M. Sheikh-Jabbari, Supergravity and large-N noncommutative field theories, J. High Energy Phys. 11 (1999) 007 [hep-th/9909215].

[15] T. Harmark and N.A. Obers, Phase structure of non-commutative field theories and spinning brane bound states, J. High Energy Phys. 03 (2000) 024 [hep-th/9911169].

[16] P.S. Howe and E. Sezgin, Superbranes, Phys. Lett. B 390 (1997) 133 [hep-th/9607227];

D = 11, p = 5, Phys. Lett. B 394 (1997) 62 [hep-th/9611008];

P.S. Howe, E. Sezgin and P.C. West, Covariant field equations of the M-theory fivebrane, Phys. Lett. B 399 (1997) 49 [hep-th/9702008]; E. Sezgin and P. Sundell, Aspects of the M5-brane, hep-th/9902171.

[17] J.L.F. Barbón and E. Rabinovici, Stringy fuzziness as the custodian of time-space noncommutativity, Phys. Lett. B 486 (2000) 202 [hep-th/0005073]; J.X. Lu, S. Roy and H. Singh, ((F,D1),D3) bound state, S-duality and noncommutative open string/Yang-Mills theory, J. High Energy Phys. 09 (2000) 020 [hep-th/0006193]; T. Kawano and S. Terashima, S-duality from OM-theory, hep-th/0006225; O. Aharony, J. Gomis and T. Mehen, On theories with light-like noncommutativity, J. High Energy Phys. 09 (2000) 023 [hep-th/0006236].

[18] H.J. Boonstra, K. Skenderis and P.K. Townsend, The domain wall/QFT correspondence, J. High Energy Phys. 01 (1999) 003 [hep-th/9807137].

[19] M. Alishahiha, H. Ita and Y. Oz, Graviton scattering on D6 branes with B-fields, J.

High Energy Phys. 06 (2000) 002 [hep-th/0004011].

[20] B. de Wit, J. Hoppe and H. Nicolai, On the quantum mechanics of supermembranes, Nucl. Phys. B 305 (1988) 545.